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7.1 Area of a Region Between Two Curves

Key Topics & Formulas

- Lesson Objectives & Success Criteria N

Success Criteria

Find the area of a region between two
curves using integration

I can set up and evaluate an integral to
find the area between two curves by
identifying which function is on top and
choosing the correct limits.

Find the area of a region between
intersecting curves using integration

I can find where two curves intersect and
use those points to set up and evaluate
the integral(s) needed to find the total
area.

Describe integration as an accumulation
process

\_

I can explain how a definite integral
represents accumulation and describe it
as adding up small pieces to find a total.

_J

7.1.1 Area of a Region Between Two Curves

With a few modifications you can extend the appli- A g

cation of definite integrals from the area of a region
under a curve to the area of a region between two
curves. Consider two functions f and g that are
continuous on the interval [a,b]. If, as in Figure
7.1, the graphs of both f and g lie above the z-
axis, and the graph of g lies below the graph of f,
you can geometrically interpret the area of the re-
gion between the graphs as the area of the region
under the graph of g subtracted from the area of
the region under the graph of f, as shown in Figure

7.2.
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Figure 7.1 Area between two curves.
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Area of region = Area of region - Area of region
between f and g under f under g

f /(o) — g)]de = f f(x) dx - f g(x) dx

Figure 7.2 Area between two curves.

To verify the reasonableness of the result shown in Representative rectangle
Figure 7.2, you can partition the interval [a, b] into Height: f(x,) — g(x)
n subintervals, each of width Ax. Then, as shown y Width: Ax' '

in Figure 7.3, sketch a representative rectangle

of width Az and height f(z;) — g(x;), where z; is 1T A

in the 7th interval.

The area of this representative rectangle is
fx) /
AA; = (height)(width) = [f(z;) — g(z)]Az |2 - f
} g(x;)
X

By adding the areas of the n rectangles and taking :
the limit as ||A|| — 0 (n — o0), you obtain p x b

lim > [f (@) = gla)) Az Figure 7.3
=1

Because f and g are continuous on [a,b], f — ¢ is also continuous on [a,b] and the limit
exists. So the area of the given region is

Area = T}LIEO Z[f(xl) — g(z;)| Az

=1

_ / f(2) - gla)] da



Area of a Region Between Two Curves N

If f and g are continuous on [a,b] and g(z) < f(z) for all z in [a, b], then the area of
the region bounded by the graphs of f and g and the vertical lines x = a and x = b is

A= / i) ()l de

\_ J

In Figure 7.1, the graphs of f and g are shown above the z-axis. This, however, is not
necessary. The same integrand [f(z) — g(x)] can be used as long as f and g are continuous
and g(z) < f(x) for all z in the interval [a,b]. This result is summarized graphically in
Figure 7.4.
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Figure 7.4

Representative rectangles are used throughout this chapter in various applications of inte-
gration. A vertical rectangle (of width Az) implies integration with respect to =, whereas a
horizontal rectangle (of width Ay) implies integration with respect to y.

‘ Example 7.1: Find the area of the region bounded by the graphs of y = 22 + 2,y =
—z,x =0, and x = 1.
Let g(x) = —x and f(z) = 2® + 2. Then g(z) < f(x) for all z in [0, 1], as shown in
Figure 7.5. So, the area of the representative rectangle is

AA = [f(z) = g(z)]Az

= [(2* +2) — (—2)]Az \



and the area of the region is

A= / () - g(x)] d = / (2% +2) — (~2)] da

3L fx)=x*+2
[ (x,fx)

e

g =—x

Figure 7.5 \

7.1.2 Area of a Region Between Intersecting Curves

In the previous example, the graphs of f(x) = 22 + 2 and g(x) = —z do not intersect, and
the values of a and b are given explicitly. A more common problem involves the area of a
region bounded by two intersecting graphs, where the values of a and b must be calculated.

‘ Example 7.2: Find the area of the region bounded by the graphs of f(z) =2 — z?

and g(z) =z
In Figure 7.6, notice that the graphs of f and g have two points of intersection. \
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Region bounded by the graph of f and the
graph of g

Figure 7.6
To find the z-coordinates of these points, set f(x) and g(z) equal to each other and
solve for z.

2—1' =g Set f(x) equal to g(x).
—?—r+2= Write in general form.
—(x+2)(z—-1)=0 Factor.
r=—-2orl Solve for x.

So, a = —2 and b = 1. Because g(z) < f(z) for all z in the interval [—2,1], the
representative rectangle has an area of

AA = [f(z) — g(z)]Az
=[(2 —2%) — 7]Az

and the area of the region is

A=/1[<2—w2>—fc]d$= {—xg_%z”xL



Example 7.3: The sine and cosine curves intersect infinitely many times, bounding
regions of equal areas. Find the area of one of these regions.
Begin by setting f(x) equal to g(z) and solving:

sin(x) = cos(z) Set f(z) equal to g(z).
sin(z) =1 Divide each side by cos(x).
cos(x)
tan(z) = 1 Trigonometric identity.
)
x—%or%, 0<ax<27 Solve for z.

So, a = w/4 and b = 57 /4. Because sin(z) > cos(z) for all  in the interval [7/4, 57 /4],
the area of the region is

57 /4

A= L " in() — cos(x)] d = | — cos(z) sm<x)1

/4 w/4

=2V2 \

If two curves intersect at more than two points, then to find the area of the region between
the curves, you must find all points of intersection and check to see which curve is above the
other in each interval determined by these points.

‘ Example 7.4: Find the area of the region between the graphs of f(z) = 32*—2*—10x
and g(r) = —2? + 2.
Begin by setting f(x) = g(x) and solving for z. This yields the z-values at each point
of intersection of the two graphs.

32 — 22 — 100 = —2* + 2z
32° — 120 =0
3x(z —2)(x+2)=0
r=-2,0,2

So, the two graphs intersect when z = —2,0,2. However, by looking at the graph,
notice that g(x) < f(z) on the interval [—2,0]. However, the graphs switch at the \



origin, and f(z) < g(z) on the interval [0, 2].

A= / (@) - g(a)) de + / l9(e) — f(2)] da

-2

0 2
= / (32° — 122) dx —|—/ (—=32° + 127) dx
0

—2
3 4 0 -3 4

= {i—GxQ} -I—{ & —|—6:172}
4 _2 4

= —(12 —24) + (12 +24)

=24

2

0

NOTICE that you obtain an incorrect result if you integrate from —2 to 2:

/2 [f(z) — g(z)] dv = /2 (32 — 12z) dz = 0

—92 -2

If the graph of a function of y is a boundary of a region, it is often convenient to use
representative rectangles that are horizontal and find the area by integrating with respect
to y. In general, to determine the area between two curves, you can use

A= / [(top curve) — (bottom curve)] dx

(- ~/

Vv
in variable z

Y2
A= / [(right curve) — (left curve)] dy
Y1

N J/

Vv
in variable y

where (z1, ;) and (z9,y2) are either adjacent points of intersection of the two curves involved
or points on the specified boundary lines.

‘ Example 7.5: Find the area of a region bounded by the graphs of z = 3 — y* and
r=1y+ 1
Consider

gly) =3—-y* and fly)=y+1
These two curves intersect when y = —2 and y = 1. Because f(y) < g(y) on this

interval, you have
AA=[g(y) — fW]Ay = [B—y*) — (y + 1)]Ay \



So, the area is

Notice that in the previous example, by integrating with respect to y you need only one
integral. If you had integrated with respect to x, you would have needed two integrals
because the upper boundary would have changed at x = 2. You can see the comparison of
the two integrals in Figure 7 below.
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Horizontal rectangles (integration with Vertical rectangles (integration with respect
respect to ) to x)

Figure 7.7 Horizontal Rectangles vs Vertical Rectangles

Practice Exercises

1. Find the area of the region bounded by the graphs of y = e*, y =z, x = 0, and
x =2
Solution: First, identify the upper and lower functions on the interval [0, 2].




Since e* > x for all x in this interval, the area A is given by:

A:/OZ(ex—x)d:c

Find the antiderivative and evaluate:

2. Find the area of the region completely bounded by the graphs of f(x) = 2 — z?
and g(z) = 2% — 6.
Solution: First, find the points of intersection to determine the bounds by

setting f(x) = g(x):
2 —a1*=2"—-6

w2 =8 — 2?’=4 — =42

Testing a point in the interval (—2,2), such as x = 0, reveals f(0) = 2 and
g(0) = —6, so f(x) is the upper curve.

A:/ (2—2%) = (2°—6)) dx

-2

A:/_2(8—2x2)dx

2

Using symmetry (since the integrand is even):

2

A:2/ (8 —22?) dx
0

2

A=2 [8x— 2:163]
3 1o

A:2<16_E>:2<§_E>
3 3 3

a=2(F)=5
3 3




3. Let R be the region enclosed by the graphs of y = \/z and y = §. Find the area

of R.
Solution: Find the points of intersection:

N

x
2

.l’:Z

P —dr=0 = 2(r—4)=0 = v=0,r=4

On the interval (0,4), \/z > §, so y = y/ is the upper curve.

- [ (e

4. Find the area of the region in the first quadrant bounded by the graphs of
y = sin(x), y = cos(x), and the y-axis.
Solution: The region is bounded by the y-axis (x = 0). Find where the curves
intersect in the first quadrant:

sin(x) = cos(z)
tan(z) =1 = x:%
On the interval [0, Z], cos(z) > sin(z).

/4
A= /0 (cos(z) — sin(x)) dz

A = [sin(z) + cos(a:)]g/4

10



A= (Sin <%> + cos (%)) — (sin(0) + cos(0))

A= <§+§>—(0+1)

A=v2-1

5. Let R be the region bounded by the graphs of f(z) = 2® — 322 +2z and g(z) = 0.

Find the total area of the region R.

Solution: Find the points of intersection between f(x) and the z-axis (g(z) = 0):

22 =32 +20 =0

r(2?=324+2)=0 = z(z—1)(z-2)=0 = 2=0,1,2

The total area requires splitting the integral because the curve crosses the z-axis.

On (0,1), f(x) > 0. On (1,2), f(x) <O0.

1 2
A:/ (x3—3x2+2x)dx—/ (z® — 32° 4 27) dx
0 1

1,4

Find the general antiderivative: F(z) = 1z*—23+2% Evaluate the first integral:

F<1>—F<o>:(1_1+1)_0:i

Evaluate the second integral:

16

F(2) - F(1) = (Z—8+4> -

Subtract to find the total absolute area:

1 1y 1 1 1
A= - ) =1 - =_
4 ( 4) 171732

6. Consider the region bounded by the graphs of z = y* — 4 and oz = y + 2.

11



a) Write an integral expression with respect to x that represents the area of
the region. Do not evaluate the integral.

b) Write an integral expression with respect to y that represents the area of
the region.

c) Evaluate the integral from part (b) to find the area of the region.

Solution: First, find the points of intersection by setting the equations equal to
each other. It is easier to solve for y:

v —4d=y+2
V¥ —y—6=0 = (y—3)(y+2)=0 = y=3,y=—2
The intersection points are (5,3) and (0, —2).
a) To integrate with respect to x, we must solve both equations for y:
x:y2—4 — y==+VvVr+4
T=yY+2 — y=x—2
The region must be split at = 0 because the lower boundary changes.

A:/O (VT (—vaTD) d:v+/05<\/:p—+4—(:v—2)> "

—4

b) To integrate with respect to y, the "right” curve is = y + 2 and the ”left”
curve is = y? — 4.

Az/ (y+2) — (% —4)) dy

3
AZ/ (—y* +y+6)dy

-2
c) Evaluate the integral from part (b):

A= 13+12+63
= |3V ey Oy

Evaluate at upper bound y = 3:

1 1 9 9 27
3( 7)+2(9)+6(3) 9+2+ 8 9—|—2 5

12



Evaluate at lower bound y = —2:
1 1 8 8 8 30 22
—— (=8 -4 +6(-2)==4+2-12=--10==— — = ——
3( )+ 2( ) +6(=2) 3 + 3 3 3 3
Subtract to find the total area:
27 22 81 44 125
A=— - —— ) = — + — = —
2 3 6 6 6
\§ J

7.1.3 Integration as an Accumulation Process

In this section, the integration formula for the area between two curves was developed by
using a rectangle as the representative element. For each new application in the remaining
sections of this chapter, an appropriate representative element will be constructed using
precalculus formulas you already know. Each integration formula will then be obtained by
summing or accumulating these representative elements.

Known precalculus Representative New integration
formula element formula

For example, in this section the area formula was developed as follows:

b
A = (height)(width) AA = [f(z) — g(2)] Az A / 16 — ]

‘ Example 7.6: Find the area of the region bounded by the graph of y = 4 — 2 and
the z-axis. Describe the integration as an accumulation process.
The area is given by
2
A= / (4 — $2) dx
-2

You can think of the integration as an accumulation of the areas of the rectangles
formed as the representative rectangles slides from z = —2 to x = 2, as shown via this \

Desmosl.

13


https://www.desmos.com/calculator/zaref1t6bq

Conceptual Check

Q1.

Q2.

Q3.

Q4.

The Geometry of Accumulation

In the integral ff[ f(z) = g(x)] dz, we are accumulating the areas of infinitely
many representative rectangles. Geometrically, what specific parts of a single
rectangle do the expressions [f(x) — g(z)] and dx represent?

Possible Answer: Geometrically, [f(x)— g(z)] represents the height of the ver-
tical representative rectangle, calculated as the distance between the top curve,
f(z), and the bottom curve, g(x). The expression dz represents the infinitesi-
mally small width of the base of that rectangle.

Area Below the x-axis

Even if two curves are completely below the x-axis, evaluating fab [top—bottom] dz
always results in a positive physical area. Algebraically, why does this specific
subtraction guarantee a positive number for the height of your rectangles?
Possible Answer: By definition, the “top” curve has a greater y-value than the
“bottom” curve, so f(z) > g(z). Algebraically, subtracting a smaller number
from a larger number always yields a positive result (f(z) — g(z) > 0), even if
both original y-values are negative. For example, if the top is —2 and the bottom
is —5, the height is —2 — (=5) = 3.

Crossing Curves

Suppose f(x) and g(x) intersect at x = 0, trading places as the “top” curve. If
you evaluate the single integral f_22 [f(z) — g(x)] dz without splitting it at the
intersection, why will your answer fail to represent the total area? What does
this single integral actually calculate?

Possible Answer: If the curves trade places, the expression [f(z) — g(x)] will
become negative for the portion of the interval where g(z) is above f(z), treating
that geometric area as a negative value. Therefore, this single integral actually
calculates the net area: the area of the region where f(z) is on top minus the
area of the region where g(z) is on top, rather than the total absolute physical
area.

Choosing dy over dx

Sometimes it is much more efficient to integrate with respect to y instead of x.
Geometrically, what happens to your vertical representative rectangles (dz) that
forces you to write multiple integrals, and how do horizontal rectangles (dy) fix
this?

14



Q5.

Possible Answer: You are forced to write multiple integrals with vertical rect-
angles (dx) if the definition of the “top” or “bottom” boundary changes from
one curve to another as you move along the x-axis. Switching to horizontal rect-
angles (dy) fixes this if the region is consistently bounded by a single “right”
curve and a single “left” curve along the entire y-axis interval, allowing you to
calculate the area with just one integral.

Right vs. Left

For vertical rectangles (dx), we find the height using [Top — Bottom]. For hori-
zontal rectangles (dy), the integrand is [Right — Left]. Explain why the “right”
curve must be the first term in the subtraction.

Possible Answer: On the Cartesian coordinate system, x-values increase as
you move from left to right. This means the “right” curve always possesses a
greater x-value than the “left” curve at any given y-value. To guarantee that
the length of the horizontal representative rectangle is a positive distance, you
must subtract the smaller x-value from the larger x-value, which translates to

[Right — Left].

15



7.2 Volume: The Disk Method

Key Topics & Formulas

- Lesson Objectives & Success Criteria N

Success Criteria

Find the volume of a solid of revolution
using the disk method

I can set up and evaluate an integral
using the disk method by writing the
radius in terms of the variable and
choosing the correct limits.

Find the volume of a solid of revolution
using the washer method

I can set up and evaluate an integral
using the washer method by identifying
the outer and inner radii and using the
correct limits.

Find the volume of a solid with known
cross sections

I can write an expression for the area of
each cross section and use it to set up
and evaluate an integral for the volume.

\_

J

7.2.1 The Disk Method

In Chapter 4 we mentioned that area is only one of
the many applications of the definite integral. Another
important application is its use in finding the volume
of a three-dimensional solid. In this section you will
study a particular type of three-dimensional solid—one
whose cross sections are similar. Solids of revolution
are used commonly in engineering and manufacturing.
Some examples are axles, funnels, pills, bottles, and
pistons!

If a region in the plane is revolved about a line, the
resulting solid is a solid of revolution, and the line is
called the axis of revolution. The simplest such solid
is a right circular cylinder or disk which is formed by
revolving a rectangle about an axis adjacent to one side
of the rectangle, as shown in Figure 7.8.

The volume of such a disk is

w

—
Rectangle
R

Axis of revolution

Volume of a disk: 7R?w

Figure 7.8

Volume of disk = (area of disk)(width of disk)

= 1R>w

where R is the radius of the disk and w is the width.

16



To see how to use the volume of a disk to find the volume of a general solid of revolution,
consider a solid of revolution formed by revolving the plane region in the Figure 7.9 about
the indicated axis. To determine the volume of this solid, consider a representative rectangle
in the plane region. When this rectangle is revolved about the axis of revolution, it generates
a representative disk whose volume is

AV = tR*Ax

Approximating the volume of the solid by n such disks of width Az and radius R(z;) produces

Volume of solid ~ Z m[R(z))*Ax
i=1

Schematically, the disk method looks like this.

Volume of disk AV — r[R(s)?Aa Solid of lr)evolut;on
V= nRw : V—r [ (R ds

A similar formula can be derived if the axis of revolution is vertical.

The Disk Method ~

To find the volume of a solid of revolution with the disk method, use one of the
following:
Horizontal Axis of Revolution Vertical Axis of Revolution
b b
Volume =V = 7T/ [R(x)]? dz Volume =V = 7'('/ [R(y))? dy
N i i y

Note that in Figure 7.9, you can determine the variable of integration by placing a repre-
sentative rectangle in the plane region “perpendicular” to the axis of revolution If the width
of the rectangle is Az, integrate with respect to z, and if the width of the rectangle is Ay,
integrate with respect to y.

17



V=n [ R dx

—4 d \Vﬂc Ld [RO)T ' dy
X

Ay

R(%)

a b R()

Horizontal axis of revolution Vertical axis of revolution

Figure 7.9

The simplest application of the disk method involves a plane region bounded by the graph
of f and the z-axis. If the axis of revolution is the z-axis, the radius R(z) is simply f(z).

‘ Example 7.7: Find the volume of the solid formed by revolving the region bounded
by the graph of f(z) = y/sin(z) and the z-axis (0 < 2 < 7) about the z-axis.
Draw the representative rectangle to see that the radius of this solid is

/()
V/sin(z)

R(z)

So, the volume of the solid of revolution is

‘ Example 7.8: Find the volume of the solid formed by revolving the region bounded
by
fw) =2 -2
and g(x) = 1 about the line y = 1.
By equating f(x) and g(x), you can determine the two graphs intersect when x = £1.

18



To find the radius, subtract g(z) from f(z).

R(z) = f(z) - g(2)
=(@2-2%)-1

=1—2?

Finally, integrate between —1 and 1 to find the volume.

V= W/ab[R(x)]2dx _ w/_lu Y da

1

1
:7r/ (1 —22* +2") dx

1

213 57!
ﬂ[“?*?]_l
_167r
15

Practice Exercises

7. Find the volume of the solid generated when the region bounded by the graphs
of y = /x,y =0, and x = 4 is revolved about the z-axis.
Solution: Use the disk method. The radius of a representative disk is r(z) = /.
Set up the integral with respect to x from z =0 to x = 4:

19



8. Find the volume of the solid generated when the region bounded by the graphs
of y =23, 2 =0, and y = 8 is revolved about the y-axis.
Solution: Because the region is revolved around the y-axis, use the disk method
with respect to y. First, solve the given function for z to find the radius r(y):

y:qj?’ E x:w:yl/g

Set up the integral from y =0 to y = &:
8
V= 7r/ (y1/3)2 dy
0

8
V:7r/ Y3 dy
0

Find the antiderivative and evaluate:

3 8
V= ©.5/3
dE)

V=n (2(8)5/3 — o>

Since 8'/3 = 2, we have 8%/% = 25 = 32:

9. Find the volume of the solid generated when the region bounded by the graphs
of y =2 — 22 and y = 1 is revolved about the horizontal line y = 1.
Solution: Find the bounds of integration by setting the equations equal to each
other:
2—2"=1= 2"=1 = 2 =+1
Use the disk method. The axis of revolution is y = 1, so the radius of the disk is
the distance from the upper curve to the line y = 1:

r(r)=02—2%)—1=1—2?

Set up the integral from x = —1 to z = 1:

1
V:T(‘/ (1—a2%)*dx

1

20



Expand the integrand:
1
V:T('/ (1—22%+ 2% dx
—1

Because the integrand is an even function, we can use symmetry:
1
V:27r/ (1 —22% +2") dx
0

Find the antiderivative and evaluate:
2 11"
V =2m {x — -z + st}

3 0

3 9D

Find a common denominator (15) for the fractions:

V:27r(1—2+1>—(0)

15 10 3
—or (222, 2
v 7T(15 15+15)

8
:2 e
Vv 7r(15>

167
V=—
15

10. Let R be the region enclosed by the graph of f(z) = %, the z-axis, and the
vertical lines x = 1 and x = e. Which of the following expressions represents the
volume of the solid generated when R is revolved about the z-axis?

(A) m [ Lda
(B) 7Tf1€ x%dx
(©) 27Tf1e#dx

(D) = [ In(x) dx

21



Solution: Using the disk method around the x-axis, the formula for volume is
V=nm f: [r()]? dz. The radius is given by the function r(z) = £, and the bounds

are fromz =1toxz =e. )
° /1
VZ’/T/ (—> dz
1 \z

°1
V=mn — dx

p 2

This matches expression (B).

11. Let R be the region in the first quadrant bounded by the graph of y = 4 — 22
and the coordinate axes.

a) Find the area of R.
b) Find the volume of the solid generated when R is revolved about the z-axis.

c¢) Find the volume of the solid generated when R is revolved about the y-axis.

Solution: First, establish the boundaries for the region in the first quadrant.
The curve intersects the y-axis at y = 4 and the z-axis where 4 — 22 = 0 =
r =2

a) Set up the integral for the area from x =0 to x = 2:

A:/02(4—x2)dx

2
A= {4$—1$3]
3 1o
1
A= (4(2)—5(8)) -0
4_g 8 2 8_16
3 3 3 3

b) Use the disk method with respect to :
2
Vi :7r/ (4 — 2?)*dx
0

2
vx:w/ (16 — 82* + a*) dx
0

22



8 1.7
V., =m [162 — =2% + =2
3 5 1,

T (16(2) _ 3w+ 1(32))

37775
64 32

V=7 (32— =+
(25 5)

Find a common denominator of 15:

480 320 96 256 2567
‘/33 =T —_ — + — =T _ = -
15 15 15 15 15

c¢) Use the disk method with respect to y. First, solve the equation for x:

2

y=4—-1 = 2P =4—y = x=+/4—y

The bounds for y are from y = 0 to y = 4.

4
V= [ (VI=urdy
0
4
V= [ -y
0
-],
Vy=m |4y — sy
2 0

V,=m (4(4) - %(16)) —0
V, = x(16 — 8) = 8

- J

7.2.2 The Washer Method

To see how this concept can be used to find the volume of a solid of revolution, consider a
region bounded by an outer radius R(z) and an inner radius r(x), as shown in Figure
7.11 below. If the region is revolved about its axis of revolution, the volume of the resulting
solid is given by the washer method.
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The disk method can be extended to cover solids of rev-

olution with holes by replacing the representative disk v
with a representative washer. The washer is formed

by revolving a rectangle about an axis, as shown in the R D
figure. If r and R are the inner and outer radii of the }r
washer and w is the width of the washer, the volume is Axis of revolution
given by ,

2 Disk

Volume of washer = 7(R?* — r*)w

Solid of revolution

Figure 7.10 Washer Method

The Washer Method

The volume of a washer is given by

V=r [ (B@F - r@F) d

Note that the integral involving the inner radius represents the volume of the hole and is
subtracted from the integral involving the outer radius.

Solid of revolution
with hole

Plane region

Figure 7.11
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Example 7.9: Find the volume of the solid formed by revolving the region bounded
by the graphs of y = v/ and y = 2% about the z-axis, as shown in Figure 7.12.

y

y=vx
(L, D
i
Ax
You can see that the outer and inner radii are as
R=vi Y=x follows:
}r:x2 .
\ , . R(z) =z Outer radius
0,0
Plane region ' r(z) = x? Inner radius
Y Integrating between 0 and 1 produces

V= / (R@)? — [r(2)?) de
o [ IR - @] da

:W/Ol(l’—$4)d$

. Solidof % 2 )
revolution
3T
Solid of revolution o 1_0

Figure 7.12 \

In each example so far, the axis of revolution has been horizontal and you have integrated
with respect to z. In the next example, the axis of revolution is vertical and you integrate
with respect to y. In this example, you need two separate integrals to compute the volume.

‘ Example 7.10: Find the volume of the solid formed by revolving the region
bounded by the graphs of y = 2? + 1,y = 0,2 = 0, and = 1 about the y-axis, as

shown in the figure below. \
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Solid of
R .
revolution
For1<y<2 ) (1,2) >
R=1 . wE ,
r=+/y-1 — ¥
Ay !
For0<y<1: 1 e
R=1
r=0 Ay
1 X ! 4 - X
Plane region ! -1 1
Figure 7.13

For the region shown, the outer radius is simply R = 1. There is, however, no con-
venient formula that represents the inner radius. When 0 < y < 1, » = 0, but when
1 <y <2, ris determined by the equation y = 22+ 1, which implies that » = \/y — 1.

) 0, 0<y<1
’]" =
YT\ 1<y <2

Using this definition of the inner radius, you can use two integrals to find the volume.

1 2
V= 7r/ (12 — 0%) dy + 7T/ (12— (v/y — 1)?] dy Apply washer method.
0 1

1 2
:71'/ 1dy+7r/ (2—y)dy Simplify.
0 1
1 /2 2
=7ly| + 2y—5 Integrate.
0 1
1
:7r—|—7r(4—2—2+§)
3
2

Note that the first integral 7 fol 1 dy represents the volume of a right circular cylinder
of radius 1 and height 1. This portion of the volume could have been determ

ined
without using calculus. \

‘ Example 7.11: A manufacturer drills a hole through the center of a metal sphere of
radius 5 inches. The hole has a radius of 3 inches. What is the volume of the resul

ting
metal ring? \
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You can imagine the ring to be generated by a segment of the circle whose equation
is 22 4+ y? = 25. Because the radius of the hole is 3 inches, you can let y = 3 and solve
the equation 22 + y? = 25 to determine that the limits of integration are z = 4. So,
the inner and outer radii are r(z) = 3 and R(z) = v/25 — 22 and the volume is given
by

4

vzwlﬂm@W—V@WymszAK%ﬁfﬁf—cw}m

—ﬂ/4(16—m2)da¢

—4

4

x3

— 7|16z — —
—4

Practice Exercises

12. Let R be the region bounded by the graphs of y = 22 and y = 2z. Find the
volume of the solid generated when R is revolved about the z-axis.
Solution: First, find the points of intersection to determine the bounds:

=2 = 2 -21=0 = 2(r—2)=0 = v=0,7r=2

Use the washer method. The outer radius is the top curve R(z) = 2z, and the
inner radius is the bottom curve r(z) = 2.

V= 7T/0 ((Qx)2 — (x2)2) dx

2
V:TF/ (42® — 2*) dx
0
Find the antiderivative and evaluate:
4 5 1.7
V=nl|-2°—=-x
3 5 1,
4 1
V= —(8) —=(32)] —0
7 (36~ 502)

32 32
VenlZZ_22
"(5-5)

Find a common denominator of 15:

160 96\ 6w
Ver(—2-2) =20
15 15) 15
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13.

14.

Let R be the region bounded by the graph of z = y? and the vertical line z = 4.
Write, but do not evaluate, an integral expression for the volume of the solid
generated when R is revolved about the y-axis.

Solution: Find the points of intersection for the y-bounds:

yY=4 = y=42

Use the washer method with respect to y. The outer radius is the vertical line
R(y) = 4, and the inner radius is the curve r(y) = y>.

Ver [ (@ - 67P) dy

2

2
V:TF/ (16 — y*) dy
-2

Note: Because of symmetry across the x-axis, this can also be written as V =
21 [2(16 — y*) dy.

Let R be the region enclosed by the graphs of y = v/z and y = 22. Which of
the following integrals represents the volume of the solid generated when R is
revolved about the horizontal line y = 27

(A) 7 [y (2= 22?2 = (2= 2)?) do
(B) 7 [y (2= Va)? = (2= 22)?) da
(C) 7 fy (VE—a?) du

(D) 7 fy (V) = (2%)?) da

Solution: The points of intersection are x+ = 0 and z = 1. On this interval,
V& > 2?. The axis of revolution is y = 2, which is above the region. The outer
radius R(z) is the distance from the axis of revolution to the bottom curve:
R(z) = 2 — 2% The inner radius r(z) is the distance from the axis of revolution
to the top curve: r(x) = 2 — \/x. Set up the washer method integral:

V:W/O (2—2%)°=(2—-Vx)?) do

This matches expression (A).
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15. Let R be the region bounded by the graphs of y = 22 and y = 4. Write, but do
not evaluate, an integral expression for the volume of the solid generated when
R is revolved about the horizontal line y = 5.

Solution: Find the intersection points for the bounds:
1’ =4 = 1 =42

The axis of revolution is y = 5, which is above the region. The outer radius

R(z) is the distance from y = 5 to the bottom curve y = z?, so R(z) = 5 — 22

The inner radius r(x) is the distance from y = 5 to the top curve y = 4, so
r(z) =5 —4 = 1. Set up the integral using the washer method:

V= 77/ ((6—2%)—(1)%) dzx

-2

vzﬁ/f«5—ﬁﬁ—1%m

2

16. Let R be the region bounded by the graph of y = e”, the horizontal line y = 1,
and the vertical line z = 2.

a) Find the area of R.
b) Find the volume of the solid generated when R is revolved about the z-axis.

c) Write, but do not evaluate, an integral expression for the volume of the
solid generated when R is revolved about the horizontal line y = —1.

Solution: First, find where y = e” intersects y = 1: e* =1 = x = 0. So the
bounds are x = 0 to x = 2.

a) Set up the integral for the area with y = e* as the top curve and y = 1 as
the bottom curve:

2
A:/ (e —1)dx
0
A=e" =zl = (e —2) — (" = 0)
A=e*-2—-1=¢"-3

b) Use the washer method around the z-axis (y = 0). Outer radius R(x) = e*,
inner radius r(z) = 1.

vzwé(wv—uﬁdx




N

2
V:TF/ (e* —1)dx
0
1
V:W[?a%—x}

2

0

¢) The axis of revolution is y = —1, which is below the region. The outer
radius R(z) is the distance from y = —1 to the top curve y = €%, so
R(z) = e* — (—1) = e + 1. The inner radius r(z) is the distance from
y = —1 to the bottom curve y = 1, so r(z) = 1 — (—=1) = 2. Set up the
washer method integral:

V= 7r/0 ((e" +1)* = (2)?) da

V:W/Q((6z+1)2—4) dx

Conceptual Check

Q6. Disk vs. Washer

Geometrically, what specific feature of a bounded region and its relationship to
the axis of revolution forces you to use the washer method instead of the disk
method?

Possible Answer: You are forced to use the washer method when there is a gap
(or empty space) between the bounded region and the axis of revolution. Because
the region does not sit completely flush against the axis, revolving it creates a
3D solid with a hollow center. The washer method is required to subtract the
volume of that inner hollow "hole” from the overall outer volume.
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Q7.

Qs.

Q9.

Q10.

The Classic Algebra Mistake

When setting up a washer method integral, a common mistake is to write the
integrand as w[R(z) — r(z)]?. Algebraically and geometrically, why is this incor-
rect, and why must it be written as 7 ([R(z)]? — [r(z)]?) instead?

Possible Answer: Geometrically, a washer is formed by taking a large outer
disk and removing a smaller inner disk. The area of this face is the area of the
large circle minus the area of the small circle: wR? — 7r?, which factors out
to m(R* — r?). The incorrect expression m(R — r)? finds the area of a single,
much smaller circle whose radius is merely the distance between the two curves,
completely ignoring how far the region actually is from the axis of revolution.

Choosing the Variable (dx vs. dy)

If you are revolving a region around a vertical axis (like the y-axis or z = 3),
you must integrate with respect to y. Geometrically, why does a vertical axis of
revolution force your representative rectangles to have a width of dy?

Possible Answer: For the disk and washer methods, your representative rect-
angles must be drawn perpendicular to the axis of revolution so that they sweep
out flat, circular cross-sections when rotated. If the axis of revolution is vertical,
a perpendicular rectangle must be drawn horizontally. The infinitesimally small
thickness of a horizontal rectangle is measured along the y-axis, which dictates
a width of dy.

Shifted Axes of Revolution

Suppose you are revolving a region around the line y = —2 instead of the x-axis
(y = 0). How do you use the "Top — Bottom” concept to correctly write the
radius R(z), and why does this result in adding 2 to your function?

Possible Answer: The radius of revolution is the physical distance from the
axis of revolution to the outer curve. Using the "Top — Bottom” framework, if
your function f(z) is above the axis of revolution, the curve is the ”"Top” and
the line y = —2 is the "Bottom.” Setting up the distance yields f(z) — (—2),
which algebraically simplifies to f(z) + 2.

The Geometry of the Integrand

Integration is an accumulation process. In the disk method formula V =
fab 7[R(x))? dx, what specific 3D geometric shape does the expression 7[R(z)]? dx
represent before the integral adds them all together?

Possible Answer: The expression m[R(r)]* dz represents the volume of a single,
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infinitesimally thin right circular cylinder (a ”disk”). In this expression, 7[R(x)]?
calculates the area of the flat circular face, and dx represents the infinitesimally
small height (or thickness) of that cylinder.
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7.2.3 Solids with Known Cross Sections

With the disk method, you can find the volume of a solid having a circular cross section
whose area is A = wR? This method can be generalized to solids of any shape, as long as
you know a formula for the area of an arbitrary cross section. Some common cross sections
are squares, rectangles, triangles, semicircles, and trapezoids.

Volumes of Solids with Known Cross Sections N

1. For cross sections of area A(z) taken perpendicular to the z-axis,

b
Volume:/ A(x)dr Figure 7.14(a)

2. For cross sections of area A(x) taken perpendicular to the y-axis,

d
Volume:/ A(y)dy Figure 7.14(b)

y

(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis

Figure 7.14 Cross Sections Perpendicular to a Particular Axis

‘ Example 7.12: Find the volume of the solid shown. The base of the solid is the
region bounded by the lines

f(x):1—§, g(x):—l—i—%, and z=0

The cross sections perpendicular to the x-axis are equilateral triangles. \
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3
fw=1-%
y 7 Y 17
— 1
y=f)
/ /\ } - X
-l \ 1 2
1 \1 <
X
y=gx) _ —1- x
X g)=-1+%
Cross sections are equilateral triangles. Triangular base in xy-plane
(a) First view (b) Second view

Figure 7.15 The base region and the resulting 3D solid.
The base and area of each triangular cross section are as follows.

Base = <1 — g) — (—1 + g) =2—=x Length of base
3

Area = %(base)2 Area of equilateral triangle
3

Ax) = £(2 —z)? Area of cross section

Because x ranges from 0 to 2, the volume of the solid is

V= /:A(x)dx _ /02‘/;(2—1-)2@
:_ﬁlw—w?’r

4 3

25
BEER \

‘ Example 7.13: Prove that the volume of a pyramid with a square base is V' = %hB ,
where h is the height of the pyramid and B is the area of the base.
You can intersect a pyramid with a plane parallel to the base at height y to form a \

square cross section whose sides are of length ¢'. Using similar triangles, you can show
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that

bV h—vy b
S b= 2 (h —
b n " pl=v)
where b is the length of the sides of the base of the pyramid. So,
, b
/
Aly) = )" = 15 (h—y)

Integrating between 0 and h produces

h th
V=/ A(y)dy=/ ﬁ(h—y)Qdy
0 0

b2 h )
= h—y)~dy
w | (h=v
_ R lkh-y"
h2 3 0
b2 [ h3
£(%)
—1hB B =1?
=3 —

Practice Exercises

17. Let R be the region bounded by the graph of y = /x, the z-axis, and the vertical
line x = 9. The region R is the base of a solid. For this solid, the cross sections
perpendicular to the z-axis are squares. Find the volume of the solid.
Solution: The base of the square cross section spans from the z-axis to the
curve, so the side length is s(x) = /z — 0 = y/z. The area of a square is

A(z) = [s(z)]?, so: As) — (VY —

The region goes from x = 0 to x = 9. Integrate the area function to find the

volume: .
V= / z dx
0

2 0
_ 1 2 1 2
V=292 -5(0)
81
V=5
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18. Let R be the region bounded by the graphs of y = 2 — 22 and y = 0. The region
R is the base of a solid. For this solid, the cross sections perpendicular to the
x-axis are semicircles. Find the volume of the solid.

Solution: First, find the points of intersection to establish the bounds:

22 =0 = 1’=2 — a::j:\@

The diameter of the semicircle is the distance from the z-axis to the curve, so
d(z) = 2 — 2% The radius is half the diameter: r(z) = 2_2“’2. The area of a

semicircle is A(x) = [r(z)]*

w05 (557) =3 (55F) -5

Integrate the area function from —/2 to /2. Because the area function is even,
we can use symmetry:

Evaluate at © = v/2:

H>I>l

— 7 (avE- 302+ 1Y)
(Mﬁ — —(2V2) + (4@))

it
Find a common denominator of 15:

v % (60\/5 40v2 . 12\/§>

rl>|>1

15 15 15

v 32v2\ 872
4 15 ) 15

19. Let R be the region bounded by the graphs of y = ¢*, y = 1, and x = 3. The
region R is the base of a solid. For this solid, the cross sections perpendicular
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20.

to the z-axis are rectangles whose heights are twice the lengths of their bases in
region R. Write, but do not evaluate, an integral expression for the volume of
the solid.

Solution: The base of the rectangle lies in the region R, bounded above by
y = €” and below by y = 1. The length of the base is b(z) = e — 1. The height
of the rectangle is given as twice the base: h(x) = 2(e* — 1). The area of a
rectangle is A(z) = b(x) - h(x):

A(x) = (" —1) - 2(e* — 1) = 2(e" — 1)?

The region starts where e* =1 = x = 0 and ends at the vertical line x = 3.

3
V= / 2(e” — 1)*dx
0

Let R be the region bounded by the graph of y = In(x), the z-axis, and the
vertical line z = e. The region R is the base of a solid. For this solid, the cross
sections perpendicular to the z-axis are squares. Which of the following integrals
represents the volume of the solid?

(A) [ In(z)dx
(B) [ (In(z))?* dx

(C) 7 [ (In(x))? dz

(D) Wff <1ngm)>2 "

Solution: The base of the square spans from the z-axis (y = 0) to the curve
y = In(z). The length of the side is s(z) = In(z) — 0 = In(z). The area of the
square cross section is A(z) = [s(x)]* = (In(x))%. The bounds are from where
the curve intersects the z-axis (In(z) = 0 = z = 1) to the line x = e. The
volume is the integral of the area function:

- /Ie(ln(x))zdx

This matches expression (B).
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21. Let R be the region enclosed by the graphs of z = y? and = 4. The region R is

the base of a solid. For this solid, the cross sections perpendicular to the y-axis
are equilateral triangles. Write, but do not evaluate, an integral expression for
the volume of the solid.
Solution: The cross sections are perpendicular to the y-axis, so we must in-
tegrate with respect to y. Find the intersection points for the y-bounds: y? =
4 = y = +£2. The side length of the equilateral triangle spans horizontally
from the right curve (z = 4) to the left curve (z = y?):

s(y) =4—y°

The area of an equilateral triangle with side length s is A = \/7352.

Set up the integral from y = —2 to y = 2:

_ [

1%
L, 4

(4—-y*)*dy

22. Let R be the region bounded by the graphs of y = sin(z) and the z-axis for
0<x<m.

a) Find the area of R.

b) The region R is the base of a solid. For this solid, the cross sections per-
pendicular to the x-axis are squares. Find the volume of the solid.

¢) The region R is the base of another solid. For this solid, the cross sections
perpendicular to the z-axis are semicircles with their diameters across the
base. Find the volume of the solid.

Solution:

a) Set up the integral for the area under the sine curve:

A:/ sin(x) dx
0

A= = cos(@)]
A = (—cos(m)) — (—cos(0))

A=(—(-1)—(-1)=1+1=2
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b) The side length of the square is s(x) = sin(x). The area is A(z) = sin®(z).

V:/ sin®(z) dx
0

Use the power-reducing half-angle identity: sin®(x) = 1—cos(22)

2
/1 o1
g —_— = 2
Vv /0 (2 5 cos( x)) dx

1 1 . T
V= {ﬁx ~ 1 Sln(2$):| )

V= (%(w) _ }lsin(Zw)) _ (0 _ %sin(O))
(90

¢) The diameter of the semicircle is d(x) = sin(x), so the radius is r(z)
1 sin
2

(z). The area of the semicircular cross section is A(x) = Z[r(x)]*:

Az) = g (%sm(l«))2 - g (i sinQ(x)) - gsiHQ(x)

V:/ zsinz(:L’)clyﬁ Z/ sin®(z) dx
o 8 8 Jo

Using the result from part (b), we know that [ sin*(x) dx

™
5
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7.3 Volume: The Shell Method

- Lesson Objectives & Success Criteria N

Key Topics & Formulas Success Criteria

Find the volume of a solid of revolution I can set up and evaluate an integral

using the shell method using the shell method by identifying the
radius and height and choosing the
correct limits.

Compare the uses of the disk method I can decide which method (disk/washer
and the shell method or shell) is easier for a problem and
explain my choice based on how the
region is oriented.
\_ J

7.3.1 The Shell Method

In this section, you will study an alternative method for finding the volume of a solid of
revolution. This method is called the shell method because it uses cylindrical shells.

To begin, consider a representative rectangle as shown below:

-

Axis of revolution

Figure 7.16

where w is the width of the rectangle, h is the height of the rectangle, and p is the distance
between the axis of revolution and the center of the rectangle. When this rectangle is revolved
about its axis of revolution, it forms a cylindrical shell (or tube) of thickness w. To find the
volume of this shell, consider two cylinders. The radius of the larger cylinder corresponds to
the outer radius of the shell, and the radius of the smaller cylinder corresponds to the inner
radius of the shell. Because p is the average radius of the shell, you know the outer radius
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is p+ (w/2) and the inner radius is p — (w/2).

p+ % Outer radius
p— % Inner radius

So, the volume of the shell is

Volume of shell = (volume of cylinder) — (volume of hole)
w2 w2
=r(ptg) hom(p-3)h
= 2mphw
= 27 (average radius)(height)(thickness)

You can use this formula to find the volume of a solid
of revolution. Assume that the plane region in the fig- — - Y Ay
ure on the right is revolved about a line to form the ¢ o
indicated solid. If you consider a horizontal rectangle p(y){ '\ Plane region

of width Ay, then, as the plane region is revolved about

a line parallel to the z-axis, the rectangle generates a Axis of

representative shell whose volume is “ revolution
AV = 27[p(y)h(y)] Ay . /

You can approximate the volume of the solid by n such
shells of thickness Ay, height h(y;), and average radius

p(yi).

Solid of revolution

Volume of solid & Y _ 2w [p(yi)h(y:)] Ay = 27 > _[p(y:) ()| Ay

i=1 =1

This approximation appears to become better and better as ||A|] — 0 (n — o). So, the
volume of the solid is

Volume of solid = lim 27 DRy A
Jim ;[p(y) ()] Ay

o / [p(v)h(y)] dy
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The Shell Method

N
To find the volume of a solid of revolution with the shell method, use one of the
following, as shown in the figure below.
Horizontal Azis of Revolution Vertical Azis of Revolution
d b
Volume =V = 27?/ p(y)h(y)dy Volume =V = 27?/ p(x)h(z) dz
(& a J

h(y)
d- ) — Ax
Ay -
()

C T

a l

p(x)
Horizontal axis of revolution Vertical axis of revolution
Figure 7.17

‘ Example 7.14: Find the volume of the solid of revolution formed by revolving the

region bounded by

y=x—a°

and the z-axis, 0 < x < 1, about the y-axis.

Because the axis of revolution is vertical, use a ver-
tical representative rectangle, as shown in the fig-
ure. The width Ax indicates that x is the variable
of integration. The distance from the center of the
rectangle to the axis of revolution is p(x) = x, and
the height of the rectangle is

h(z) =z — 2

y=x—x3

Ax

h(x) =x—x3{

Axis of
revolution

plx)=x

(1,0)

> h(x)

X
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Because x ranges from 0 to 1, the volume of the solid is

1
V= 27r/ v(x — 2°) dr Shell Method
1
= 27r/ (=2 + 2%) dw Simplify
0
5 371
=27 [_x_ + x_} Integrate
3 1o

_47T
15 \

‘ Example 7.15: Find the volume of the solid of revolution formed by revolving the
region bounded by the graph of

z=e Y

and the y-axis (0 <y < 1) about the z-axis.

Because the axis of revolution is horizontal, use a
horizontal representative rectangle. The width Ay
indicates that y is the variable of integration. The
distance from the center of the rectangle to the axis
of revolution is p(y) = y, and the height of the rect-

2
1+ x=e?

. -
angle is P) = ) = e
a2 B
h(?J) =e ¥ Axis of
revolution
Because y ranges from 0 to 1, the volume of the solid is
! 2
V= 27?/ ye ¥ dy Shell Method
0

1
2
=]
0

()
e
~ 1.986.
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7.3.2 Comparison of Disk and Shell Methods

The disk and shell methods can be distinguished as follows. For the disk method, the
representative rectangle is always perpendicular to the axis of revolution, whereas for the
shell method, the representative rectangle is always parallel to the axis of revolution, as
shown in the figure below.

y

1 over 'R - 1 overPR- 1 v=a['phidr V=2m [ ph'dy
di--- Ax Ax di---
h
R
b4
c ! cl--
r ‘%‘,_}
P |
X X X X
a b a b
Vertical axis Horizontal axis Vertical axis Horizontal axis
of revolution of revolution of revolution of revolution
Disk method: Representative rectangle is Shell method: Representative rectangle is
perpendicular to the axis of revolution. parallel to the axis of revolution.

Figure 7.18

Depending on the situation, it may be more convenient to use one over the other.

‘ Example 7.16: Find the volume of the solid formed by revolving the region bounded

by the graphs of
y=2>4+1, y=0, =0, and z=1
about the y-axis.

This is the exact same problem as Example 7.10. So, we can once again see this by
using the washer method:

1 2
V= 7r/ (12 — 0%) dy + 7r/ (12— (v/y — 1)?]dy Apply washer method.
0 1

1 2
:7T/ 1dy—|—7r/ (2—1y)dy Simplify.
0 1
1 /2 2
=7yl + 2y—? Integrate.
0 1
1
:7T+7T(4—2—2+§)

_37T
=5 4|
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However, the shell method only requires one integral to find the volume.

V= 2n / ’ p(@)h(x) de
:27T/01:17(332—|—1)d:v
[543,

()

I
DN
&
~

M
2

Il

)

3
ENYFGUIIN

v §

|

In some cases, solving for z is very difficult (or even impossible). In such cases you must use
a vertical rectangle (of width Az), thus making = the variable of integration. The position
(horizontal or vertical) of the axis of revolution then determines the method to be used.

‘ Example 7.17: Find the volume of the solid formed by revolving the region bounded
by the graphs of y = 2® + 2 + 1,y = 1, and 2 = 1 about the line z = 2, as shown in
the figure below.

y Axis of
revolution

ER ) P U :

In the equation y = 23 + x + 1, you cannot easily solve for z in terms of y (see
Newton’s Method). Therefore, the variable of integration must be x and you should
choose a vertical representative rectangle. Because the rectangle is parallel to the axis \
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of revolution, use the shell method and obtain

V:27r/bp(x)h(x)dx:27r/01(2—x)(a:3+x+1—1)d:€

1
= 27r/ (—a* 4 22 — 2 + 22) dx
0

5 2 3 .
1 1 1
7T(5 2 3 )
_297r
15

Practice Exercises

23. Let R be the region bounded by the graphs of y = 22, y = 0, and « = 2. Use the

shell method to find the volume of the solid generated when R is revolved about
the y-axis.
Solution: Using the shell method to revolve around the y-axis requires integrat-
ing with respect to x. The radius of a cylindrical shell is the distance from the
y-axis to a vertical slice: p(z) = z. The height of the shell is the top curve minus
the bottom curve: h(z) = 2? — 0 = 2?. The region is bounded from z = 0 to
x = 2. Set up the integral:

V=or /0 : p(a)h(z) do
V =or /02($)(x2)dx

2
V:27r/ 22 dx
0

Find the antiderivative and evaluate:




24. Let R be the region bounded by the graphs of = y? and x = 4. Use the shell

method to find the volume of the solid generated when R is revolved about the
x-axis.
Solution: Using the shell method to revolve around the z-axis requires inte-
grating with respect to y. Because the region is symmetric across the z-axis,
revolving just the top half of the region (from y = 0 to y = 2) will generate
the entire solid. The radius of a cylindrical shell is the distance from the z-axis:
p(y) = y. The height of the shell spans horizontally from the left curve to the
right vertical line: h(y) = 4 — y?. Set up the integral:

2
V=27r/ y(4—y?)dy
0

2
V:27r/ (4y—y3)dy
0

Find the antiderivative and evaluate:

47 o
V=2r ((2(4) - }1(16)) - 0)
V = 21(8 — 4)
V =2n(4) =8n

25. Let R be the region bounded by the graphs of y = v/z, y = 0, and = = 4. Write,
but do not evaluate, an integral expression using the shell method for the volume
of the solid generated when R is revolved about the vertical line x = 6.
Solution: Using the shell method around a vertical axis requires integrating
with respect to x. The bounds are from = = 0 to z = 4. The axis of revolution
is x = 6, which is to the right of the region. The radius of a shell is the distance
from a generic vertical slice x to the axis = 6: p(z) = 6 — z. The height of the
shell is h(z) = /z — 0 = \/z. Set up the integral:

V= 27r/04(6 — o)Wade
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26. Let R be the region in the first quadrant bounded by the graph of y = sin(x?), the
r-axis, and the vertical line x = /7. Which of the following integrals represents
the volume of the solid generated when R is revolved about the y-axis?

7Tf0 sin(z?))? dw
(B) 2w foﬁ:csin(:cg)dx
C) 2m [ ysin(y?) dy

(D) = ‘F " 22 sin(2?) dx

Solution: To revolve around the y-axis using the shell method, we integrate
with respect to x. The radius of the shell is p(x) = x. The height of the shell is
the distance from the z-axis to the curve: h(z) = sin(z?). The bounds are given

as x = 0 to z = /. Using the formula V' = 27 f;p(x)h(x) d:
N
V= 27r/ rsin(z?) do
0

This matches expression (B).

27. Let R be the region bounded by the graphs of y = 2® — 2* and the z-axis.

a) Briefly explain why using the disk/washer method to find the volume of the
solid generated when R is revolved about the y-axis would be difficult.

b) Write an integral expression using the shell method that represents the
volume of the solid generated when R is revolved about the y-axis.

c¢) Evaluate the integral from part (b) to find the volume of the solid.
Solution: First, find the points of intersection to establish the bounds:

?—rt=0 = 2*1l-2)=0 = z2=0,v=1

a) To use the washer method around the y-axis, you must integrate with re-
spect to y. This requires solving the equation y = 2% — 2* for x in terms
of y to find the inner and outer radii. Because it is a 4th-degree polyno-
mial, isolating z is analytically extremely difficult or impossible for standard

calculus students.
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b) Using the shell method allows us to integrate with respect to x. The radius

is p(x) = x and the height is h(z) = 2® — 2.

1
V= 27r/ z(z® — ") dx
0

c) Evaluate the integral:

1
V:27r/ (z* — 2°) dx
0

1 1 ]!
V =27 [5x5 — gxﬁ}

(1)

Find a common denominator of 30:

V =2r E—E =27 i -
30 30 30 15

Conceptual Check

Q11.

Q12.

The Fundamental Difference

When setting up a volume integral, your first step is drawing a representative
rectangle. Geometrically, what is the single most important difference in how
this rectangle is oriented relative to the axis of revolution for the Shell method
compared to the Disk/Washer method?

Possible Answer: For the Disk and Washer methods, the representative rectan-
gle is always drawn perpendicular to the axis of revolution. For the Shell method,
the representative rectangle is always drawn parallel to the axis of revolution.

Unrolling the Shell
If you slice open a single cylindrical shell and flatten it out, it forms a rectangular
slab. In the integral 27 [ p(x)h(z) dz, the expression 2wp(x) - h(z) - dz calculates
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Q13.

Q14.

Q15.

the volume of this slab. Geometrically, which specific dimensions of the flattened
slab do 27p(x) and h(x) represent?

Possible Answer: The expression 2mp(z) represents the length of the flattened
slab, which corresponds to the circumference of the original unrolled cylindrical
shell. The expression h(x) represents the height of the rectangular slab, which
corresponds exactly to the height of the original shell.

Shifted Axes and the Radius p(x)

When revolving a region in the first quadrant around the y-axis, the radius of
the shell is simply p(z) = x. If you revolve that exact same region around the
vertical line x = 5 instead, how do you use the “Right — Left” concept to write
the new algebraic expression for the radius p(x)?

Possible Answer: The radius p(z) is the physical distance between the axis
of revolution and the representative rectangle. Using the “Right — Left” frame-
work, the vertical line x = 5 is further to the right than the region in the first
quadrant, making it the “Right” value. The position of the representative rect-
angle is simply z, making it the “Left” value. Therefore, the distance is 5 — x.

The Algebraic Wall

Suppose a region is bounded by y = 2> +x + 1,y =0, x = 0, and z = 1, and
you revolve it around the y-axis. Algebraically, why is it practically impossible
to use the Washer method for this problem, forcing you to use the Shell method
instead?

Possible Answer: To use the Washer method around a vertical axis (the y-
axis), you are forced to integrate with respect to y. This means you must solve
the boundary equation y = 23+x+1 for z in terms of y. Algebraically isolating
in a polynomial with both cubic and linear terms is incredibly difficult, creating
an “algebraic wall.” The Shell method avoids this entirely by allowing you to
integrate with respect to x, using the function exactly as it is written.

Axes and Variables (dx vs. dy)

You are revolving a region around a vertical axis. If you use the Washer method,
you must integrate with respect to y (dy). If you use the Shell method, what
variable must you integrate with respect to, and geometrically, why does the
method dictate this choice?

Possible Answer: For the Shell method around a vertical axis, you must in-
tegrate with respect to = (dxr). Geometrically, the Shell method requires the
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representative rectangle to be parallel to the axis of revolution. A rectangle par-
allel to a vertical axis must be drawn vertically. The infinitesimally small width
(or thickness) of a vertical rectangle is measured along the x-axis, which dictates
a width of dz.
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